We formulate the problem of Markovian approximations for the action of a Bose quantum field reservoir R on a quantum mechanical system S as a functional quantum central limit theory. In particular, we study the effect of the time-dependent interaction Υ
R on the joint states space hS ⊗ hR where the a ± t (λ) are approximations to quantum white noises. Here the reservoir quanta may be emitted (E10-term), absorbed (E01-term) and also scattered (E11-term). We show that the unitary family governing the evolution will converge to a unitary, adapted, quantum stochastic process: the convergence is weakly in the sense of matrix elements. The main technical difficulty is the proliferation of terms appearing in the Dyson series expansion now caused by the scattering, however, a uniform estimate is obtained by means of a generalization the Pulé inequalities. We re-sum the principal terms of the series in the limit and the quantum stochastic differential equation for the limit unitary process wherein the coefficients are determined by the E αβ and the damping constants.
Introduction
Markovian approximation schemes arise naturally in random dynamical models of irreversible systems. The classical and quantum treatments formally share a great deal in common and it is useful to remind ourselves of the general ideas.
A random ODE of the form d dt x t = λF (x t , ξ t ) will generally admit a solution x t = x t (λ) determined by a suitable choice of F , a random input ξ t , and choice of initial condition x 0 . The averaging principle [1] states that, if F (x) = lim T →∞ T +t t F (x, ξ t ) converges in probability and is uniform in t then x t/λ (λ) will converge to the solution of the ODE d dtx t =F (x t ) with the same initial condition. We should think of x t/λ (λ) as a perturbation of the averaged solutionx t . TakingF ≡ 0, or by transforming to an interaction representation, we find that the perturbation x t/λ (λ) will not vary appreciably on the time scales [0, T /λ] [2] . This fact lead Stratonovich [5] to suggest that the stochastic fluctuations would appear on the longer time scales 0, T /λ 2 . This idea was substantiated by Khasminskii [3] who showed that x t/λ 2 (λ) will indeed converge in a weak sense to a Markov diffusion as λ → 0. In a similar vein, Wong and Zakai [4] studied Langevin type equations driven by differentiable noises ξ t (λ) having a non-Markovian correlation ξ t (λ) ξ s (λ) = 1 λ 2 C t−s λ 2 and which became delta-correlated only in the limit λ → 0. They found the remarkable result that the limit dynamics was described by a Langevin equation which, in the Stratonovich calculus [6] , took the same form as the pre-limit equations.
Let us consider the flow on a symplectic manifold generated by a random Hamiltonian Υ
where H and the F α are smooth functions on phase space and the ξ α t (λ) are differentiable independent stochastic processes converging to independent white noises as in the Wong-Zakai theory. Let x (λ) t be the phase trajectory staring from x 0 and consider the map J where the B α t are independent Wiener processes and the differential is in the Stratonovich calculus. These are the stochastic flows that preserve the Poisson bracket structure. If E denotes averaging with respect to the Wiener measure, then we obtain the dynamical semigroup E [J t (.)] ≡ exp {tL (.)}. Converting to the Itô calculus, the generator will be the hypo-elliptic operator
which is already displayed in Hörmander form [7] . Classically we measure the dissipation of a generator L by saying how far it is from being a Poisson bracket derivation: that is,
The study of the properties of flows of the type (1.2) is given in Bismut's book [8] . For open classical systems the dynamical evolution of a system S coupled to a reservoir R may be studied by postulating a Hamiltonian H = H 0 + λH int where only H int describes the interaction between S and R. Typically, we shall consider the coupling parameter λ to be small. We may transfer to the interaction picturethat is, follows the dynamical evolution relative to the unperturbed Hamiltonian H 0 -and study the asymptotic behaviour for long time scale. If H int R , the effective interaction when averaged over the reservoir state, is zero, or if we remove this term by transferring to an appropriate picture, we shall only see appreciable effects at time scales of order λ −2 . (See, in particular, [9] .)
For quantum mechanical situations we have a comparable situation. Let h S ⊗ h R be the product Hilbert space for our system and reservoir. A standard regime to consider is the weak coupling limit where the effect an interaction λH int , averaging to zero in the reservoir state, is studied at long time scales t/λ 2 : this is also known as the van Hove limit [10] . It was suggested by Spohn [11] that the weak coupling limit should be considered as a Markovian limit underscored by some kind of functional central limit. The fully rigorous determination of irreversible semigroup evolutions for specific models has been given for specific models [12] , [13] . (A detailed account of the derivation of the master equation for a class of quantum open systems is given in Davies' book [14] .)
The form of the generator of quantum dynamical semigroups was deduced in [15] [16] : there the guiding principle was that the semi-group be completely positive. Then, in 1984, there theory of quantum open systems received a timely impetus with the development of quantum stochastic calculus by Hudson & Parthasarathy [17] : they presented an Itô theory of integration with respect to quantum stochastic processes on Bosonic Fock space an showed how to construct flows leading to just the quantum dynamical semigroups mentioned above.
The program now is to begin with a microscopic model for a system in interaction with a reservoir and then obtain by some Markovian limit procedure, such as the weak coupling limit, a quantum stochastic evolution on some Hudson-Parthasarathy space. The fact that such stochastic models successfully described the weak coupling regime was first noted by von Waldenfels [18] for the Wigner-Weisskopf model. The ground-breaking paper of Accardi, Frigerio and Lu [19] showed how to do this for interaction of the type Υ
where E 10 and E 01 are bounded, mutually adjoint, operators on the system space h S and a ± t (λ) are creation/annihilation fields having a correlation a
Already in this paper, several important steps were taken: firstly, there is the anticipation of the limit algebraic structure by means of a quantum functional central limit theory which captures the long time asymptotic behaviour; secondly, there is the observation that there are principal terms in the Dyson series which will survive the Markovian limit and these are identified as the ones arising from only timeconsecutive two-point contractions (these are called the type I terms); finally, there is a rigorous estimate of the Dyson series expansion. This last point employs an argument due to Pulé [13] . (See also [20] for the low density limit and [21] [22] for a discussion on the physical meaning of the weak coupling limit.)
Our aim is to extend this result to the more general class of interactions
which now includes a scattering term E 11 ⊗ a + t (λ) a − t (λ) and a constant term. The terms involving E 01 and E 10 are describe the emission and absorption of reservoir quanta and this component is well-knownonon from models of laser interactions [23] . The constant term is of little consequence as we shall take it to commute with the free Hamiltonian. However, the scattering term is highly nontrivial: we have to contend with emission, multiple scatterings and absorption.
This means that the number of terms in the Dyson series expansion grows rapidly (in fact, like the Bell numbers in combinatorics). However, we are able to prove a uniform estimate of the Dyson series expansion by a generalization of the Pulé inequalities which we give in section 7. The main result is given as Theorem (8.1), where we give explicitly the resummed unitary process.
The class of interactions described by (1.4) was apparently first examined by Chebotarev [24] for the situation where the E αβ were all commuting. The technique involved a development of the joint spectral representation and as such does not seem to apply to the non-commutative situation. A genuine noncommutative result was first given in [25] 
Mathematical Notations and Preliminaries

Second Quantization
The second quantization map Γ (.) lifts a complex space Hilbert space h to the (Bose) Fock space Γ (h) having h as one-particle space:
Here h⊗ n = C while h⊗ n is the closed linear span of the symmetrized n-fold product vectors of the type
with f j ∈ h and S n denotes the permutation group on {1, . . . , n} . As usual, we distinguish the Fock vacuum Φ = (1, 0, 0 . . . ) and define the exponential vector
with f⊗ n the n-fold tensor product of f with itself. The Fock vacuum is, in particular, given by Φ = ε (0). The set ε (h) is total in Γ (h) and we note that ε (f ) |ε (g) = exp f |g .
The Euclidean group on h is the set Eu (h) of all affine maps U, h of the form U, h .f = U f + h where U is unitary on h and h ∈ h. The group law is
The Weyl map W ., . from Eu (h) to the unitaries of Γ (h) is specified by the action
and we are interested in the special cases
The unitary W (h) is called the Weyl operator with test function h and its generator takes the form P (h) =
where A + (.) and A − (.) are the creation and annihilation fields defined by their actions:
The unitary Γ (U ) is called the second quantization of U and its generator is the differential second quantization and is defined by the action
Equivalently, on the domain of exponential vectors, we have exp
. It is the easy to verify the canonical commutation relations:
(2.5)
Gaussian Fields
where, in the case of the even moments, we have a sum over all pair parti-
and the result follows from differentiation with respect to the parameters s j . We remark that P (f ) will be a Gaussian random variable of mean zero and variance σ 2 = f 2 when taken in the Fock vacuum state and we have the expansion
where the combinatorial factor g 2k = (2k)! 2 k k! counts the number of pair partitions that can be made from {1, . . . , 2k}.
Poissonian Fields
Next of all, we introduce the operators
where H is self-adjoint. It is readily seen that
= exp h| e isH − 1 h and so the variable N (H, h) taken in the Fock vacuum state has the infinitely divisible distribution with moment generator exp e isx − 1 dµ h H (x) with µ h H the spectral measure of H for the state h. In particular, let H be an orthogonal projection onto a subspace containing h, then N (H, h) in the vacuum state will have a Poisson distribution with intensity λ = h 2 :
where the coefficients S (n, m) :
l are well-known combinatorial factors: they are the Stirling number's of the second kind [27] and they count the number of ways of partitioning a set of n items into m non-empty subsets.
Definition (2.2)
A partition of a set X is a collection A of non-intersecting subsets (called parts) of X whose union is X . The set of partitions of X = {1, . . . , n} shall be denoted by G n . Therefore, S (n, m) counts the number of partitions in G n having exactly m parts. The total number of partitions in G n is given by the n-th Bell number B n = m S (n, m), [27] .
where we take the various sets (parts of the partition) {i (1) , . . . , i (k)} ∈ A to be ordered so that i (1) < i (2) < · · · < i (k) and if the set is a singleton it is given the factor of unity. Proof. If α (i) = 0, 1, then we have the absence, respectively presence, of the creator A + (f i ). Likewise β (i) gives the absence or presence of the i-th annihilator. Evidently we must have α (n) = 0 = β (1).
Essentially we have a vacuum expectation of a product of n factors [
β(i) and this ultimately when put to normal order will be a sum of terms each a product of pair contractions g i |f k where i > k. For a given term in the sum we write i ∼ k if g i |f k appears. An equivalence relation is determined by a set of contractions as follows: we always have i ≡ i and, more generally, we have i ≡ k if there exists a sequence j (1) , . . . j (r) such that either
is then obtained by looking at the equivalence classes. (Singletons are just the unpaired labels.) The correspondence between the terms in the sum and the elements of G n is one-to-one and the weight given to a particular partition A ∈ G n is just the product of g i |f k 's given in (2.9).
As an illustration of lemma (2,3), take n = 3 then there are 5 partitions in G 3 and these are {1} {2} {3} , {1, 2} {3} , {1, 3} {2} , {2, 3} {1} and {1, 2, 3} and we compute that the answer will be 1+ g 2 |f 1 + g 3 |f 1 + g 3 |f 2 + g 3 |f 2 g 2 |f 1 .
Occupation Number Representation
With each partition A ∈G n we associate a sequence of occupation numbers n = (n j ) ∞ j=1 where n j = 0, 1, 2, . . . counts the number of j-tuples making up A. In general, we set
so that if A ∈G n leads to sequence n then E (n) = n while N (n) counts the number of parts making up the partition. We shall denote by G n the set of all partitions having the same occupation number sequence n. Our previous enumerations show that there are S (n, m) partitions with E (n) = n and
Given a partition A ∈G n we use the convention q (j, k, r) to label the r−th element of the k−th j-tuple. A simple example of a partition in G n is given by selecting in order from {1, 2, . . . , E (n)} first of all n 1 singletons, then n 2 pairs, then n 3 triples etc. The labelling for this particular partition will be denoted asq (., ., .) and explicitly we havē
(2.11)
Definition (2.4):
We shall denote by S 0 n the collection of Pulé permutations, that is, ρ ∈ S n , E (n) = n, such that q = ρ •q again describes an admissible partition in G n . Specifically, S 0 n consists precisely of all the permutations ρ for which the following requirements are met: i) the order of the individual j-tuples is preserved for each j -
ii) creation always precedes annihilation in time for any contraction pair -
In these notations we may rewrite the result of the lemma (2.3) as:
g ρ(q(j,k,r+1)) |f ρ(q(j,k,r)) (2.14)
Microscopic Model
We shall consider a quantum mechanical system S (state space h S ) coupled to a quantum field reservoir R (state space h R ). The reservoir will be a Bose field and so h R = Γ h 1 R with h 1 R the one-particle state space describing the reservoir quanta. We shall assume that the reservoir is in the Fock vacuum state Φ R ∈ h R . The interaction between the system and the reservoir will be given by the formal Hamiltonian
Here the operators H S and H R are positive operators on h S and h R respectively. The actual interaction is described by
where E αβ are bounded operators on h S with E 11 and E 00 self-adjoint and The parameter λ is real and will later emerge as a rescaling parameter in which we hope to obtain a Markovian limit.
We shall suppose the following harmonic relations
(3.
3)
The family (S τ ) τ will be a one-parameter group of unitaries on h Following the standard procedure, we transfer to the interaction picture. To this end we introduce the operator
We shall be interested in the behaviour at long times scales τ = t/λ 2 and from our earlier specifications we see that U t/λ 2 , λ satisfies the interaction picture Schrödinger equation
where
Here we introduce the time-dependent rescaled reservoir fields
We also introduce the summation convention that when the Greek indices α, β, . . . are repeated then we sum each index over the values 0 and 1 -moreover we understand the index α in [.] α to represent a power. The operators a ± t (λ) have the following correlation in the Fock vacuum state for the reservoir: 
which we assume to be finite. We shall also find interest in the constant κ := ∞ 0 dt G λ (t), where we have 
Quantum Central Limit
The limit λ → 0 for the above is expected to yield a Markovian limit insofar as the two-point function G λ (t − s) becomes a delta-correlation. However, it is vital to have a mathematical framework in which to interpret the limit states and observables. For convenience we set
We define k to be the subspace of h 1 R for which
The question of completeness can be addressed immediately: a sesquilinear form on k is defined by
and we can quotient out the null elements for this form; the completed Hilbert space will again be denoted by k again and (.|.) will be its inner product. The test vector g appearing in the interaction must belong to k so that the constant γ ≡ (g|g) is finite.
Let W (.) be the Weyl map from h 1 R as before. We now fix f j ∈ k and S j < T j for certain indices j and introduce the rescaled operators 
Lemma (4.1) For the fields introduced in (4.3)
The right hand side is the inner product
. This space is isomorphic in a natural way to the kvalued square-integrable functions on R + and we denote this space as L 2 (R + , k) . The appropriate noise space for the limit λ → 0 will in fact be the Bose Fock space
Indeed, we have the following fact proved as theorem 3.4 in [19] .
Theorem (4.2) Let Ψ be the Fock vacuum for
for arbitrary k and f j ∈ k and S j < T j .
Our aim is to show that the family t → U t/λ 2 , λ converges to a unitary quantum stochastic process on h S ⊗ G as λ tends to zero. In particular, we prove the following theorem:
Theorem (4.3) Suppose the system operators E αβ are bounded with K E 11 < 1. Let φ 1 , φ 2 ∈ h S and f 1 , f 2 ∈ k then
where (U t ) t is a unitary adapted quantum stochastic process on the Hudson Parthasarathy space h S ⊗ G.
We shall prove this in the sequence and in the process determine the quantum stochastic differential equation that U t satisfies. The type of limit involved is of a weak character and is often referred to as convergence in matrix elements.
The Dyson Series Expansion of U t/λ
2 , λ
The operator U t/λ 2 , λ can be developed as a formal Dyson series:
where we have the multi-time integral
over the simplex
The expression to be studied in theorem therefore admits the series expan-
In each case, the nth term can be rewritten as a expectation involving the vacuum state Φ R only:
whereΥ s (λ) is obtained from Υ s (λ) by the canonical translations
In this way we see that the n−th term in the Dyson series expansion of the matrix element is, up to the fact (−i)
and our summation convention is in place. The vacuum expectation of the collective creator and annihilator fields can be computed using lemmas (2.3) or (2.5). The resulting terms can be split into two types: type I will survive the λ → 0 limit; type II will not. These are distinguished as follows: Type II: All others cases.
The terminology used here is due to [19] .
Principal Terms in the Dyson Series
A standard technique in perturbative quantum field theory and quantum statistical mechanics is to develop a series expansion and argue on physical grounds that certain "principal terms" will exceed the other terms in order of magnitude [29] . Often it is possible to re-sum the principal terms to obtain a useful representation of the dominant behaviour. Mathematically, the problem comes down to showing that the remaining terms are negligible in the limiting physical regime being considered. For the quantum Markovian limit considered here, the principal terms are precisely the type I terms.
Let n a positive integer and m ∈ {0, ..., n − 1} let {(p j , q j )} m j=1 be contractions pairs over indices {1, . . . , n} such that if P = {p 1 , ..., p m } and Q = {q 1 , ..., q m } then P and Q are both non-degenerate subsets of size m and we require that p j < q j for each j and ask that Q be ordered so that q 1 < ... < q m . We understand that (p j , q j ) m j=1 is type I if q j = p j + 1 for each j and type II otherwise. The following result is an extension of lemma 4.2 in [19] as now P ∩Q need not be empty.
be a set of m pairs of contractions over indices {1, . . . , n} then
However, we have that s (p) − λ 2 t (p) < s (q − 1) and so we obtain the bound
and so, working inductively we obtain (6.1). Suppose now that the pairs are of type I, then p = q − 1 and so the lower limit of the t (q)-integral is zero. Consequently we encounter the sequence of integrals . . .
this occurs for each q-variable and so we recognize the limit as stated in (6.2) for type I terms. If the pairs are of type II, on the other hand, then let j = min {k : p k < q k − 1}; setting q = q k , we encounter the sequence of integrals . . .
but now, with respect to the variables s(1), ..., s(p), ..., s(q − 1) we have that, since s (p) = s (q − 1), the lower limit [s (p) − s (q − 1)] /λ 2 of the t (q)-integral is almost always negative and so, as t → g, S ω t g is continuous, we have the dominated convergence of the whole term to zero.
Clearly the type II terms do not contribute to the n−th term in the series expansion the limit. However, we must establish a uniform bound for all these terms when the sum over all terms is considered. We do this in the next section.
Before proceeding let us remark that the expression (5.8) is bounded by
where C 11 = E 11 ;
and
Recall that the statement of theorem (4.3) is that KC 11 < 1 and C = max {C 11 , C 10 , C 01 , C 00 } < ∞.
We need to do some preliminary estimation. We employ the occupation numbers introduced in section 2. The number of times that we will have (α, β) = (1, 1) in a particular term will be j>2 (j − 2) n j (that is, singletons and pairs have none, triples have one, quartuples have two, etc.) and this equals E (n) − 2N (n) + n 1 . Therefore, we shall have
Generalized Pulé Inequalities
Putting all this together we get the bound
where we use the estimate (6.5) and we obtain the sum over all relevant terms by summing over all admissible permutations of the basicq term. To estimate the simplicial integral we generalize an argument due to Pulé (lemma 3 of [13] ).
Letρ be the induced mapping on R n obtained by permuting the Cartesian coordinates according to ρ ∈ S 0 n . Then the bound in (7.1) can be written as
where R = ∪ ρ∆ n (t) : ρ ∈ S 0 n . This is down to the fact that the image sets ρ∆ n (t) will be distinct for different ρ ∈ S 0 n . Now the region, R, of integration is a subset of [0, t] n for which the variables sq (j,k,1) are ordered primarily by the index j and secondarily by the index k. Moreover, each of the variables (∀j; k = 1, . . . n j ; r = 1, . . . , j − 1) 
where the ordering is first by the j, second by the k, and for the u's finally by the r = 1, . . . , j − 1. This defines a volume-preserving map which will take
From this we are able to find the upper estimate on (7.2) of the form
where A = ln (KC 11 ) and B = ln (t ∨ 1)+ln C 2 ∨ 1 +ln C The manipulations are familiar from the calculation of the grand canonical partition function for free Bose gas. The requirement for convergence is that e A < 1, that is KC 11 < 1.
Remarks
If the scattering term is absent (E 11 = 0) then we only have to contend with partitions involving singletons and pairs. In the above discussion we then only need consider occupation numbers n 1 and n 2 non-zero. We have the constraint n 1 + 2n 2 = n for the n-th term in the Dyson series. The bound is simplified by noting that 1
where we choose n 1 to be as close to n 2 as possible subject to the constraint. This provides a suitable factor to allow the series estimate to be summed.
Limit Transition Amplitudes
We are now ready to re-sum the Dyson series. First of all, observe that the functions h j (t, λ) defined in (5.5) will have the limits
Likewise, we obtainẼ αβ (t) = lim λ→0Ẽαβ (t, λ) which will be just the expressions in (5.7) with the h j (t, λ) replaced by their limits. Explicitly, we havẽ
Secondly, only type I terms will survive the limit. This means that, for the n-th term in the Dyson series, the only sequences α 1 , β 1 , α 2 , β 2 , · · · , α n , β n appearing will be those for which 0 = α n = β 1 and β l = α l+1 for l = 1, . . . , n−1.
Thirdly, we encounter the following limit of the two point function: G λ (t − s). Considered as a distribution over the space of Schwartz functions, the limit will be γδ (t − s) however it would be a mistake to do this here as we typically encounter piecewise-continuous test functions on account of the simplicial integrations. Instead we consider the class of piecewise-continuous (or, more generally, regulated [30] ) test functions and define the generalized functions d ± by
we refer to these as split delta functions and we use them for their computational efficiency. In these terms, the limit two point function may be thought of as
, however, this is not used here.
Therefore, employing lemma (2.3), we find
We now develop this series. Suppose we have β k+1 = 1 = β k , that is, there are no contractions to the k−th term, then we encounter the factor
β where s = s k . Otherwise, suppose that we have contractions on the terms associated to consecutive variables s k+r , . . . , s k+1 , s k and we assume that s k+r is not paired to s k+r+1 ,nor s k to s k−1 : then we encounter the factorẼ 01 (s k+r )Ẽ 11 (s k+r−1 ) · · ·Ẽ 11 (s k+1 )Ẽ 10 (s k ) with the variables s k+r , . . . , s k+1 , s k all forced equal to a common values s, say. This factor will then be [
β . Now (8.3) involves a sum over all consecutive pairings: the corresponding partition will have all parts consisting of consecutive labels. We can list these parts in increasing order, say from 1 to m if there are m of them, and let r j be the size of the j-th part. The number of contractions will be β l and this will be n − m = m j=1 (r j − 1) With these observations we see that (8.3) becomes
where we set
In the following we shall encounter the coefficients where |β| = n−1 l=1 β l and where L 00 = −iE 00 − κE 01 1 1+iκE11 E 10 .We naturally interpret L 00 as the complex damping operator. (The geometric series is convergent due to our condition that κE 11 < 1.) The actual damping is described by Γ = −2ReL 00 = γE 01 1 + |κ| 2 E 2 11
−1 E 10 .
The Limit QSDE
We have introduced the Weyl map W : L 2 (R + , k) → G: now let A ± (.) and (.) be the creation/ annihilation and differential second quantization fields. With respect to the representation E 10 (self-adjoint) (8.11) and so the process U t defined through the QSDE is unitary and adapted [17] . With our summation convention in place, we have the chaotic expansion From the quantum stochastic calculus [17] we obtain the quantum Langevin, or stochastic Heisenberg, equation dJ t (X) = J t (L αβ (X)) ⊗ dA αβ t (8.13) where, in terms of the operators introduced in (8.10a), we have
(8.14)
In particular, L 00 is a generator of Lindblad type and should be compared to its classical counterpart (1.3).
